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We study random sequential adsorption (RSA) of a class of solids that can be obtained from a
cube by specific cutting of its vertices, in order to find out how the transition from tetrahedral to
octahedral symmetry affects the densities of the resulting jammed packings. We find that in general
solids of octahedral symmetry form less dense packing, however the lowest density was obtained for
the packing build of tetrahedra. The densest packing is formed by a solid close to a tetrahedron
but with vertices and edges slightly cut. Its density is θmax = 0.41278± 0.00059 and is higher than
the mean packing fraction of spheres or cuboids but is lower than one for the densest RSA packings
built of ellipsoids or spherocylinders. The density autocorrelation function of the studied packings
is typical as for random media and vanishes very fast with distance.
I. INTRODUCTION
Random packings and their properties is a very active
field of research as they can successfully model a wide
range of structures appearing in nature, including gran-
ular, soft and bio-matter. Random packings are studied
to explain some processes important from the utilitarian
point of view, like self-assembly [1], glass formation [2] or
adsorption [3].
Properties of random packings may be sensitive to the
particular shape of solids that built them, however, what
seems to be the key factor is the symmetry of these solids
[4–6]. For example, for so-called close packings, where
neighboring objects are in contact, it is expected that
solids of higher symmetry form looser packings [7, 8].
This has been confirmed for several three-dimensional
solids like for example ellipsoids [9] or spherocylinders
[10–12] can form denser packing than spheres.
In this study, we want to check whether the same is
valid for shapes of symmetry described by point groups,
i. e., if the packing fraction is lower for shapes with a
larger, but finite number of symmetries. The focus is on
the transition between tetrahedral to octahedral symme-
try. Jammed packing composed of such solids have been
studied recently in the context of dense packing and self-
assembly [13–16], and it appeared that, in general, regu-
lar structures appear at lower densities when octahedral
symmetry is present [15].
As a model of random packing we use random sequen-
tial adsorption (RSA) [17, 18], which appears to be the
simplest, yet non-trivial model of random packing that
accounts for excluded volume effects. In contrast to more
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popular random close packings [19–22], packings formed
by RSA have well-defined mean densities [23, 24].
RSA packing are formed by adding succeeding objects
of a given shape at random position and orientation, but
the newly added shape cannot intersect with any of pre-
viously added shapes. If there is an intersection, the new
shape is removed from the system and abandoned. When
placed, the shape is not allowed to change its position nor
orientation.
II. MODEL
All shapes studied here can be obtained from a cube
by specific cutting of its vertices. Each vertex is cut by a
plane which is perpendicular to the line passing through
the center of the cube and this vertex. The maximal
possible cut is the one for which the plane contains all
three neighboring vertices of the cut vertex. Addition-
ally, all the vertices are divided into two distinct sets in
a way that vertices connected by a cube’s edge are in
different sets, and all vertices in the same set are cut
equally—see Fig. 1. The shape of the solid is fully de-
termined by the length of two vectors ~a and ~b point-
ing at the cut planes. Assuming that the cube edges
have unit length, the lengths of these vectors are in the
interval[
√
3/6,
√
3/2]. Therefore if a ≡ √3|~a| − 1/2 and
b ≡ √3|~b| − 1/2, the shape of the solid is described by
parameters a and b where both of them are taken from
[0, 1]; (a, b) and (b, a) describe the same shape. Coordi-
nates of vertices and volumes are given in Appendix.
Example shapes are presented in Fig. 1. Parameters
a = 1 and b = 1 correspond to a cube, while a = 0, b = 1
or a = 1, b = 0 describe a tetrahedron. When both these
parameters are zero, we get an octahedron, while a =
b = 1/2 describes the cuboctahedron. By construction,
all these solids posses tetrahedral symmetry.
We studied random packings for over 100 different
2FIG. 1. Examples of studied shapes. Vectors ~a and ~b origi-
nated in the center of the cube point to cutting planes. The
length of these vectors corresponds the amount of cutting.
Faces cut by planes pointed by vectors ~a and ~b are green
while all other faces are red. Parameters a and b denote the
amount of cutting and are normalized to be in [0, 1] interval.
shapes described by parameters (a, b). To determine
packing properties, 100 independent random packings
were generated according to the RSA algorithm. The
packing generation was stopped when the number of it-
erations exceeded tmaxV/Vs, where Vs is a volume of a
single solid, V is a volume of the whole packing, and
tmax = 10
8. The parameter tmax is known as the dimen-
sionless time and is used to compare number of iterations
for differently sized packings. In our simulations, solids
were scaled to have Vs = 1 and they were placed into a
cube of a volume of V = 2.7× 104. To reduce finite-size
effects, periodic boundary conditions were used [25]. The
intersection between shapes were tested using the sepa-
rated axis theorem, which were discussed in more details
in [26].
III. RESULTS AND DISCUSSION
Example RSA packings are shown in Fig. 2. The pack-
ing fraction of RSA packings depends on the number of
tries of adding a new shape. However, after a very large
number of such trials, packing may become saturated in
the sense that there is no possibility to place another,
non-intersecting solid in it. The number of RSA itera-
tions needed to get saturation has been studied for pack-
ing of spheres, and for similarly sized packings it behaves
like a random variable of a power-law distribution with
median around 1011Vs/V [27], which is a few orders of
magnitudes higher than the limit used here. Therefore,
(a) a = 0.0, b = 0.0 (b) a = 0.0, b = 1.0
(c) a = 1.0, b = 1.0 (d) a = 0.15, b = 0.65
FIG. 2. Fragment of example packings of solid defined by a
several a and b values.
to get packing fraction of saturated state, an extrapola-
tion using packing growth kinetics is needed. For spher-
ically symmetric particles, sufficiently large packing size
and the number of iterations, it was been proven that
the packing fraction θ(t) approaches saturation density θ
according to the following power-law:
θ(t) = θ −At−1/d, (1)
where t is the number of iterations or dimensionless time,
and A is some positive constant [28, 29]. The parameter
d is equal to the packing dimension, but for anisotropic
objects it is commonly interpreted as the number of de-
grees of freedom of the shape [30].
The first step to estimate saturated packing fraction
θ from the dependence θ(t) is determining the exponent
1/d. Because ln[d θ(t)/dt] = ln(A/d)− (1/d+ 1) ln t, the
exponent 1/d can be obtained from a linear fit to the
points (ln[dθ(t)/dt], ln t). The results presented in Fig.
3 show that the relation (1) seems to be fulfilled for the
studied shapes, with the parameter d varying between 5
and 6.5. Here, the value of d was estimated from data
for t ∈ [106, 108].
After having determined d, using the substitution y =
t−1/d, the relation (1) takes the form θ(y) = θ−Ay, which
allows one to get the value of θ = θ(∞) from another
linear fit.
Applying this procedure to all the studied solids, we
determined the saturated packing fraction as a function
of parameters a and b. The results are shown in Fig.
4. Remembering that octahedral symmetry is present
for solids with a = b, it can be seen that, indeed, these
shapes form looser packing than their neighbours in (a, b)
space, but with broken octahedral symmetry. On the
other hand, the loosest packing is observed for tetrahe-
dra: θ4 = 0.34750 ± 0.00049. For cubes the packing
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FIG. 3. Dependence of the increase of the number of solids in
a packing on dimensionless time for several different shapes.
FIG. 4. The dependence of mean packing fraction on solid
shape.
fraction is slightly bigger θ6 = 0.36030± 0.00027, which
agrees with the previous report [31]. The densest packing
among platonic shapes studied here is built of octahe-
dra: θ8 = 0.37643± 0.00033. The given errors originate
mainly from the uncertainty of the kinetics fit (1), which
was approximated using an exact differential. The other,
approximately four times smaller source of error, is the
statistical error.
The densest packing overall is observed for a solid de-
scribed by a = 0.15, and b = 0.65 with its packing
fraction equal to θmax = 0.41278 ± 0.00059. The solid
that forms it is quite similar to tetrahedron, but its cor-
ners are slightly cut and edges slightly shaved; see Fig.
2d. This density is a little smaller than that obtained in
the densest RSA packings of ellipsoids or spherocylinders
[32, 33], but is significantly higher than the one observed
for cuboids [26, 34] or spheres [35].
The difference between the obtained packing fractions
can be at least partially explained using the concept of
the available volume function, which describes the depen-
dence of the ratio of a volume where subsequent solids
can be placed on the actual packing density. For empty
packings this function is equal to 1 and it lowers with a
growing number of solids in a packing until it reaches 0
for a saturated packing. For rare packing densities the
available volume function can be expanded into series:
F (θ) = 1− c1θ + c2θ2 + o(θ2). (2)
The expansion coefficients depend on the shape of the
solid object and are closely related to viral coefficients,
for example c1 = 2b2 [36]. The available volume function
can be estimated during RSA packing generation because
it is equal to the probability of successfully adding ran-
domly located and oriented solids in the packing. The
parameter c1 describes the mean volume blocked by a
single solid of a unit volume from the perspective of the
center of another shape. It is worth noting that for the
studied platonic solids, c1 is highest for tetrahedra and
the lowest for octahedra (see Appendix). However, the
saturation density is determined by all the coefficients,
so in general, the relation between the saturated packing
fraction a on c1 is not straightforward. This is illustrated
in Fig. 5, where the value of c1 is shown for all studied
solids.
FIG. 5. The coefficient c1 from relation (2) for all studied
shapes, determined from random sequential adsorption.
Comparing the results with recent results of Teich et
al. [16], one can notice that the shapes following to dens-
est random packing fractions are also the ones, for which
crystallization is the hardest, because several different
structures compete there, and therefore an ordered phase
appears for relatively high packing fractions. It can be
possible, that the excluded volume effects are the com-
mon reason for both these phenomena, which supports
the statement that the highest densities of random close
packings and RSA packings should are observed for sim-
ilar shapes.
Microstructural properties of the obtained packings
can be studied using the two-point correlation function
defined as follows:
G(r) = lim
dr→0
N(r, r + dr)
4πr2θ dr
, (3)
where N(r, r + dr) is the mean number of particles with
the centre at a distance between r and r + dr from the
centre of a reference particle. The packing fraction θ
4in the denominator is for normalization: G(r →∞) = 1.
Example results are shown in Fig. 6. As expected, the ob-
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FIG. 6. Density autocorrelation functions for several of stud-
ied solids.
tained autocorrelations are typical as for unordered me-
dia. The first and highest maximum corresponds to the
mean distance of the nearest neighbours. Oscillations of
G(r) vanish very fast, which is typical for RSA packings
[37]. However, according to our recent observations [25],
this fast decay makes the finite size effects in packings
of a linear size of 30 negligible. Therefore, the obtained
packing fractions are not affected by this kind of system-
atic errors (that is, due to finite lattice size).
IV. SUMMARY
We have showed that in general RSA packings build
of solids of octahedral symmetry are less dense than the
ones containing shapes of tetrahedral symmetry. How-
ever, the least dense of the studied packings was build
of tetrahedra; its density is θ4 = 0.34750 ± 0.00049. A
densier value is observed for a packing built of octahedra
θ8 = 0.37643± 0.00033, but the densest packing among
the studied shapes is built of solids similar to the tetra-
hedron, but with its vertices and edges slightly cut, and
equal to θmax = 0.41278±0.00059. The density autocor-
relation function for objects inside the packing is typical
for disordered media and vanishes quickly with distance.
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APPENDIX A
Assuming the solids are created by cutting the corners
of cube of a unit volume centred at the origin, the coordi-
nates (x, y, z) of the vertices depend on the determinant
∆ = a+ b− 1 and are given by:
• for ∆ ≥ 0:
All permutations of
(±(a− 1
2
),± 1
2
,± 1
2
)
with an
even number of minus signs and all permutations of(±(b− 1
2
),± 1
2
,± 1
2
)
with an odd number of minus
signs.
• for ∆ ≤ 0:
All permutations of
(± 1
2
(a+ b),± 1
2
(a− b),± 1
2
)
with an even number of minus signs.
The virial coefficient b2 equals:
b2 = 1 +
RS
V
, (4)
where 4πR is the mean curvature integrated over the sur-
face. For convex polyhedra, R can be calculated using the
formula [38]:
R =
1
4π
∑
i
li
π − θi
2
, (5)
where li are the lengths of edges and θi are the corre-
sponding dihedral angles.
Thus, coefficients c1 = 2b2 can be easily calculated for
all studied solids [38, 39]. Their volumes V , surface areas
S, and curvature R can be expressed as
V = 1− 2
3
a˜3 − 2
3
b˜3, (6)
S = 6− (6− 2
√
3)(a˜2 + b˜2), (7)
R =
3
√
2
4π
(1 −∆)arccos
(
−1
3
)
+
3
4
∆ (8)
for ∆ ≥ 0 and
V = 1− 2
3
a˜3 − 2
3
b˜3 − 1
2
∆3, (9)
S = 12ab+ 2
√
3(a˜2 + b˜2)− 3
√
3∆2, (10)
R =
3
√
2
4π
(1 + 2∆) arccos
(
−1
3
)
− 3
√
2
4
∆ (11)
for ∆ ≤ 0, where a˜ = 1− a, b˜ = 1− b.
For tetrahedron, cube, and octahedron c1 is then given
by:
ctet
1
= 2 +
9
√
6
π
arccos
(
−1
3
)
≈ 15.407,
ccub
1
= 11, (12)
coct1 = 2 +
9
√
6
π
arccos
(
1
3
)
≈ 10.638.
SUPPLEMENTARY MATERIALS
The attached notebook (supplement.nb) in Mathemat-
ica format contains the three-dimensional model of the
studied solids and the numerical data obtained from sim-
ulations.
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